Therefore every minimal surface satisfying the assumption of the above theorem is not physically realized as soap film. It must be interesting that the instability of is decided only by the values of derivatives of at a finite number of points. This result is proved by calculating the third variation of area functional. § 1. Notations and terminology.
A minimal surface in R3 is a C 2 mapping X from some domain D in the plane into R3 which is harmonic in D, extends continuously to the closure D, and satisfies _ ~ I in D (where ~_e+1/-1 r~ is the variable in the parameter domain). A branch point of is some point E D where _X71 =0. Branch points are the only possible singularities of minimal surfaces.
In the following the parameter domain D is supposed to be a relatively compact domain whose boundary is a finite union of piecewise C°° curves. And we shall be concerned only with regular minimal surfaces which can be extended as minimal surfaces across aD, where "regular" means that the surface considered has no branch points on D.
If holds for some s, s I < se.
The notations and symbols below will be used throughout this paper without 
Therefore, as for the first and the second variations of area, it is sufficient to consider only variations formed as + s u C (~ e R, u E= C o' (D) and u ~ 0) which we shall call "variation u". Then
Moreover the third variation of area functional for variation u is given by
When the locus of X does not lie in a plane, we consider an eigenvalue (iii) I f A1(D) <2, then there exists some u such that I2(u)<O. Therefore is unstable.
PRooF. Since Al (=A1(D)) minimizes R(u),
for every variation u. By using the fact that -KW is non-negative (~ 1), we see
Hence, the assumption Al>2 implies 112j(u)>0 for all u. Moreover, if 21=2, I ~2'(u)>_0 for all u, and I ~2'(u)=0 if and only if Al==R(u) which is just the case in which u is a least eigenfunction by virtue of Lemma 1, (iii). Thus we have proved (i) and (ii). Suppose that Al < 2 and that u is a least eigenf unction. Then
REMARK 2. In the case (ii) of Lemma 2, we cannot so easily arrive at any conclusion about the stability of the minimal surface . Calculating the third variation is one of the ways to obtain some conclusion. In fact, if, for some u, I 1(u)=0 and I {3'(u)0, then is clearly unstable. § 3. The Weierstrass representation and the second fundamental form.
In this section we recall the Weierstrass representation of minimal surfaces and derive a certain important relation between the factors of the representation and the second fundamental form of the surface. The facts mentioned in this section will be used effectively in § 6 to investigate the stability of a certain kind of minimal surfaces. Since =(1, 2 3) : D--R3 is a minimal surface, each of the functions
is holomorphic in D. Let us introduce two functions with Enneper-Weierstrass
Then f is holomorphic and g is meromorphic in D. Moreover, for any point C D which is not a pole of g, f ()=O if and only if is a branch point of lt.
Since is an isothermal parameter of , From this fact, it follows that
This representation is called the Weierstrass representation of the minimal surface 3. Let us call f and g the first and the second factor of the Weierstrass representation of respectively (or, for short, the first W-factor and the second W-factor of respectively). And sometimes we call f and g the factors of the Weierstrass representation (or the W-f actors) of in the lump.
From the equations (6) and (8) we derive
2 Now, by some calculations, we observe
Consequently g coincides with the composition P C3 of the Gauss map ( with the stereographic projection P from the point (0, 0, 1) onto the (x1, x2)-plane.
The following proposition will give some information about the geometrical meaning of the holomorphic function f. PROPOSITION 1. Let ; D -+R3 be a minimal surface and let f, g be the W-f actors o f . Denote the second fundamental form o f X by a= L de2+2Mdedj +Nd r12. Then
where ' means the derivative of a holomorphic function, d~=d +/-1 dii, and d=de-/-1 dri. PROOF. Set f (l) =Re f, f (2' =Im f, g (1) =Re g, and g(2) =1m g. By the equation (10), we see
On the other hand,
By some calculation using (12) and (13), we obtain
Q.E.D. Although the following lemma is well known, we contain a brief sketch of its proof by using the above proposition.
Therefore K is non-positive. Moreover, K can have only isolated zeros unless the locus of l lies entirely in a plane. PROOF. By using (1), (9), and Proposition 1, we obtain the equation (14). Since g is meromorphic, g' can have only isolated zeros unless g' is identically zero. Moreover, g'=0 if and only if C is constant by virtue of the equation g=P °(3.
Q.E.D. § 4. Case 1. C)(D) has area 2ir but does not coincide with H.
From now on, we assume that the area of ( (D) equals exactly 2r. At first, in this section, we are concerned with the case in which CA(D) does not coincide with any hemisphere H of S.
When we regard S as a Riemannian manifold with the Riemannian metric induced from the Euclidean space R;, we denote the Laplacian for functions in S by ds : Denote by g j k (j, k=1, 2) the components of the Riemannian metric on S with respect to a system of local coordinates (y1, y2) in S. Set G=det (gjk), and set (gjk)=(gjky1. Then the operator 4s is defined as follows : Since c (dD) ~ H, there exists some arc icd D such that ( (r)CInt H (Fig. 1) . By assumption, can be extended across y up to some domain D1D such that C(D1)=H, too (Fig. 2) . Because Al is strictly decreasing (Lemma 1, (i )), A1(D1) <A1(D)<_2. Owing to this fact and the continuity of Al (Lemma 1,(ii)), we can take some domain D2 whose closure is contained in IntD1, such that 21(D2)<2 (Fig. 3) .
On the other hand, the second W-factor g of : D1-~ Rj is holomorphic in D1 and g(D1)=Do= {w; w I <_ 1}. Therefore g(D2)S~Do by the maximum principle, which implies that C~(D2) Int H (Fig. 3) . Since , is decreasing, ,1((D2)) >2 (Lemma 5). Thus, by applying Lemmas 2 and 6 to the minimal surface I D2, we obtain A1(D2)>2. This is a contradiction.
Q. E. D. PROOF. By virtue of (4) (~ 2), (9), and (11) ( 3), we see Denote the branch points of g by , bm (Lemma 7). Set D1=D--... , bm} and D2-=D0 {g(~1), ... , g()}.
Let q E Do, let g-1(q)= {Pi, , p7l} (pj ~ p k, if j k), and let v; be the multi- Thus we obtain
Q .E.D. When C5 is not injective, it is difficult in general to express the left hand side of (26) using f and g explicitly. However, whenever g-1(0) contains no singularity of g, (that is, (-1((0, 0, -1) ) contains no singularity of (,) we obtain COROLLARY 2. Assume that the Gauss map (i o f a regular minimal surface B--;R' is a mapping from D onto the lower hemisphere H-of S and maps aD onto aH-, and moreover that C~-1((o, 0, -1)) contains no singularity of ( . Let f, g be the TV-factors o f L I f
)"]~o, then is unstable. Of course, the last result implies Corollary 1. PROOF. Let us recall the proof of the holomorphy of F (Lemma 11). Let g-1(0)= {pi, • , p}.
Then each p, is not a singularity of g by assumption. Therefore there exist a neighborhood V of w=-0 and neighborhoods U, of p, such that each g,=g rr, has a holomorphic inverse g, 1 : V -> U,• Moreover Therefore, by using Proposition 2, we obtain in Do,
